DYNAMICS OF VORTICES FOR THE COMPLEX 
GINZBURG-LANDAU EQUATION 
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Abstract. We study a complex Ginzburg-Landau equation in 
the plane, which has the form of a Gross-Pitaevskii equation with 
some dissipation added. We focus on the regime corresponding to 
well-prepared unitary vortices and derive their asymptotic motion 
law. 
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1. Introduction 

In this paper, we study the dynamics of vortices for a complex 
Ginzburg-Landau equation on the plane, namely 

■T—^—dtUe + aidtUe = Au^ + \ue{l - ImeH (CGL)^ 
|loge| 

where Me : M+ X ^ is a complex valued map. Here 6, a and 
e denote positive real parameters, and we will mainly focus on the 
asymptotics as e tends to zero while 6 and a are kept fixed. Up to 
a change of scale, we may further assume that a = 1, and we set 
kg = ji^^y The complex Ginzburg-Landau equation (CGL)^ reduces 
to the Gross-Pitaevskii equation when 6 = and to the parabolic 
Ginzburg-Landau equation when a = 0. Both the Gross-Pitaevskii 
and the Ginzburg-Landau equations have been widely investigated in 
the regime which we will consider (see e.g. [HI [13 [HI dj for the Gross- 
Pitaevskii equation and pT| [TK| |B] and references therein for the para- 
bolic Ginzburg-Landau equation). Typical functions in this regime 
are given explicitely by 

I I 

i=l i=l 

where the points G M^, di = ±1, and the functions /i^^- : ^ [0, 1] 
which satisfy /i,d,(0) = 0, /i_rf^(-|-oo) = 1 are in some sense optimal 
profiles. The points called the vortices of the fields and the 

di their degrees. This class of functions is of course not invariant 
by^ any of the flows corresponding to these equations, but not far from 
and it is in particular possible to define notions of point vortices 
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""^see the notion of well-preparedness in Section 11.21 

1 



2 



for solutions of (CGL)^ , at least in an asymptotic way as e — >■ 0, and 
to study their dynamics. This dynamics is eventually governed by a 
system of ordinary differential equations, at least before collisions. 

Two relevant quantities in the study of vortex dynamics are the 
Ginzburg-Landau energy 

Es{u) = I ee{u) dx= I + ^'^ }^} ^ dx, 

through its energy density ee{u), and the Jacobian 

Ju = -curl(M X Vm) 

through its primitive j{u) = u x Vm. In the regime which we will 
consider, one has 



eAUg 



I I 

■dx^Ti and Jue dx ^ n di6ai 

I ^^^1 1=1 i=i 

as e — »• 0, which describes asymptotically the positions and the degrees 
of the vortices. The quantity esiu;;) was especially used in the study of 
the parabolic Ginzburg-Landau equation while j{us) was used in the 
study of the Gross-Pitaevskii equation. Here, we will rely on both of 
them. 

In the case of the domain being the entire plane M^, which we con- 
sider here, the reference fields Me(ai, di) have infinite Ginzburg-Landau 
energy whenever d = 'Y^di ^ 0. In |7], a notion of renormalized 
energjH for such data was introduced in order to solve the Cauchy 
problem for the Gross-Pitaevskii equation. This notion was later used 
in |4j in order to study the dynamics of vortices for the Gross-Pitaevskii 
equation in the plane. Our definition of well-prepared data below and 
part of the subsequent analysis is borrowed from [1]. 

The complex Ginzburg-Landau equation (CGL)^ , either in the plane 
or in the real line, has been vastly considered in the literature, espe- 
cially as a model for amplitude oscillation in weakly nonlinear systems 
undergoing a Hopf bifurcation (see e.g. J2j for a survey paper). The 
mathematical analysis of vortices for (CGL)^ was first sketched in [T7] . 
where it was presented as an alternative approach (a regularized ver- 
sion) for the study of the Gross-Pitaevskii equation. We believe how- 
ever that the conclusion regarding the dynamics of vortices for (CGL)^ 
in [TTj is erroneous, and that Theorem [2] yields the corrected version. 

After the completion of this work we were informed that Spirn, 
Kurzke, Melcher and Moser |TS] independently obtained similar results 
concerning the dynamics of vortices for (CGL)^ in bounded, simply 
connected domains. 



^not to be merged with the notion in [3]. 



1.1. Renormalized energy and Cauchy Problem. As mentioned 
in the introduction, for d = ^ the Ginzburg-Landau energy of 
ul{ai,di) is infinite. It can actually be computed that 

V\u*M,d,)\\' , (l-K(a,,rf,)|Y ^, ^ 

H — dz < +00, 



2 452 
whereas as \z\ — > +00, 

|VM*(ai,rfi)p(2;) ~ — , 

-2 



so that 



|VM;(ai,di)|2 

— = +00. 
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The renormalized energy introduced in [7] is obtained by substracting 
the diverging part of the gradient at infinity. More precisely, given a 
smooth map Ud such that 



z 



d 



Ud=[j^] on 5(0,1), 



we have as \z\ — > +00 



|V<(ai,c/i)|2 ~ \VUd 



< +00. 



and one may define 

£e,Ui{K{(^hdi)) := lim / ee(M*(ai, c/j)) - -^^^ 

This definition extends to a larger class of functions, and is a useful 
ingredient in solving the Cauchy problem. Following [7J, we define 

V = {f/ e L°°(m2,C), V^U e L\ \/k > 2, (1 - |f/n e L^, v|t/| e L^}. 

In particular, the space V contains all the maps m* as well as the ref- 
erence maps Ud- We state below and prove in the Appendix global 
well-posedness in the class V + //^(M^jj. 

Theorem 1. Let uq = U + Wq be in V + H^lM."^). Then there ex- 
ists a unique global solution u{t) to (CGL)^ such that u{t) G {U} + 
H^iM."^). If we write u{t) = U + w{t), then w is the unique solution in 
C%R+,H\M.^)) to 

{ke + i)dtw = Aw + fu{w) . s 

u;(0) = w,, 



where 



fu{w) = AU+ \{U + w){l-\U + w\^) 



"'in [TU], the Cauchy problem in local spaces is investigated for a more general 
class of complex Ginzburg-Landau equations. 
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In addition, w satisfies 
and 

w e c°°(m;,c°°(m2)). 

Finally, the functional Ei, u{u) := Ei,_u{w) defined by 

^ , , f \Vw\^ r f (1- |f/ + «;|2)2 

Es,u{u) = / - AU-W+ ' ' 



4^2 



satisfies 

d_ 
di 



Ee,u{u) = -K [ \dtw\^dx, vt > 0. 

JR2 



As a matter of fact, it follows from an integration by part that if 
u G {U} + if^(R2) is as in Theorem [T] and if U satisfies in addition 
\VU(x)\ < then 



iVf/ 



2 



E.^uHt)) = £e,uHt)) = lim / (eeiuit)) - ^—^) dx. 

R-^+oo J^(^) 2 

The functions u*{ai,di) are not if^ perturbations one of the other, 
even for fixed d = Y^di, unless some algebraic relations involving the 
Cj's and di's hold. In order to handle a class of functions containing 
them all, it is useful to introduce the following equivalence relation on 
the set V : 

Vf/, U' eV, U r^U' iff 

deg^(f/) = deg^(t/') and \VU\^ - |Vf/f G L\R^). 

Denoting by \U] the corresponding equivalence class of f/, we ob- 
serve that for any configuration {ai,di) such that = rf, we have 
u*{ai,di) G \Ud\. Therefore the space \Ud\ + H^{^) contains in par- 
ticular all perturbations of all reference maps m* of degree d at 
infinity. 

For a map u in \Ud\ + //""^(M^), we may now define 

|Vt/J 



£e,[u,A{u) ■= lim / Ceiu) 



|2 



'B{R) 

which is a finite quantity. Moreover, for any solution u = u{t) & 
C^{[Ud] + i^^(M^)), we infer from Theorem □ that 

The dissipation of £^£j{/^]('u(t)) is therefore exactly the same as the dis- 
sipation for the usual Ginzburg-Landau energy in the case of bounded, 
simply connected domains. 
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1.2. Statement of the result. In the sequel, An denotes the annulus 
5(2"+i) \ fi(2") for n G N, so that = 5(2^0) y (u„>^^A„). 

Definition 1. Let ai, . . . ,ai be I distinct points in M^, di G {—1, +1} 
for i = 1, . . . , / and set d = J^^i- ('^e)o<£<i be a family of maps 
in [Ud\ + H^{M?). We say that (Me)o<£<i is well-prepared with respect 
to the configuration {ai,dj) if there exist R = 2^° > max|aj| and a 



constant Kq > such thai 

I 

limJJUe - 7l'^di6a.^\\^l,^^^^j^^y =0, (WPi) 



i=l 



and 



sup E,{ue,An) <Ko Vn > no, (WP2 

0<£<1 



lim {Se,[Ua]{Ue) - Se,[U^]{u*{ai, di))) = 0. (WP3) 



We can now state our main theorem as follows 

Theorem 2. Let (M°)o<e<i in [f/d]+iy^(M^) be a family of well-prepared 
initial data with respect to the configuration (a°, di) with di = ±1, and 
let (we(t))o<£<i iiT' C(R+, [Ud] + H^iM.'^)) be the corresponding solution 
of (CGL)^ . Let {aj(t)}{i=i,...,i} denote the solution of the ordinary 
differential equation 

' d 
7ra,(t) = Q(M,l2 - J2) V„,W^, a 



where 



1 + 52 (3) 
ai(0) = ttj, z = l,...,/ 



1 0\ . = / -1 

ir \i 



and W is the Kirchhoff-Onsager functional defined by 



W{ai, di) = -TT ^ didj log 



— I • 



We denote by [0,T*) zfo maximal interval of existence. Then, for every 
t G [0,T*), t/ie family (ti£(t))o<e<i well-prepared with respect to the 
configuration {ai{t),di). 

2. Evolution formula for Ue 

In this section, we recall or derive a number of evolution formulae 
involving quantities related to Ug which we introduce now. 



^Here, Ee{u,B) = J^eeiu). 



2.1. Notations. Throughout this article, we identify and C. Given 
X = (xi,X2) G M^, we set X"*- = {—X2,Xi), which in complex notations 
reads x-^ = ix. For z and G C, 2; ■ 2;' = Hei^zz') denotes the scalar 
product and z ^ z' = z-^ ■ z' = —\m{zz') the exterior product of z and 
z' in R^. For a map u -.M? ^ C, we denote by 

j{u) = u X Vm = iu ■ Vm = M"*" ■ Vm 

the linear momentum and 

J{u) = diu X = det(VM) 

the Jacobian of u. For u G Hl^^(M?), it can be checked that J{u) = 
icurlj(u) in the distribution sense. On the set where u does not vanish, 
we have for k = 1,2 



This yields 



hence we have 



d/cM = OkU ■ Tin + (^ku ■ nn 
\u\ \u\ \u\ \u\ 



dku = dk\u\— + (2.1) 
m \u\ \u\ 



dku ■ diu = dk\u\di\u\ + (2.2) 

\ur 



and it follows that 



|Vm|2 = |V|m||2 + M^. (2.3) 
m r 



The Hopf differential of u is defined as 

uj{u) = l^iMp — \d2u\'^ — 2idiu ■ d2U = AdzudjU. 

It follows from (12.21) that uj{u) may be rewritten in terms of the com- 
ponents of V|m| and j{u) as 

uj{u) = (9i|Mp — 52|Mp — 2i di\u\d2\u\ 

+ ^{f^(u) - jUu) - 2tj,iu)j2iu)). ^^-^^ 



We recall that the Ginzburg-Landau energy density is defined by 

— |m| 



, , |Vu|2 (1-|m|2)2 |Vn|2 ^ 



and we set 

eeiu) 



|log£| 



In view of (12. 3p . we then have 



e,(w) = e,(|«|) + M!|!. (2.5) 
\ur 



Finally, we write the right-hand side in (CGL)^ as 

VE(u) = VEeiu) = Am + \u{l - \u\^). 

2.2. Evolution formulae involving the Jacobian and the energy 
density. For a smooth map u in space-time, direct computations by 
integration by part yield for the energy 

— I ee{u)ip dx = — I dtU-W E{u)ip dx 

(It jm,2 lm,2 



r (2.6) 

/ V<f ■ {dfU ■ Vu) dx 

iR2 



and for the Jacobian 



^ / J{u)xdx = - I V^x ■ {dtu^ ■ Vn) dx, (2.7) 



and 



dt 

where x, <^ e ViR^). 

Also, for any vector field X G C^(M^, C) we have (see e.g. [5J) 

f X ■ {VE{u) ■Vu)dx = 2 [ Re(uj{u)^)dz- [ V{u)V-Xdx. 

In particular, the choice of X = Vv? or X = V"'"X = ^Vx leads to 
Vip-(yE{u)-\/u)dx = 2 Re(uj{u)—^)dz- V{u)A(pdx 

[ W^x-{^E{u)-Vu)dx = -2 f \m(uj{u)^)dz. (2.8) 

We next consider a solution u of (CGL)^ , which is smooth in view 
of Theorem [TJ In this case, V-E('u) and dtU are related by 

= —VE{u) = (3eVE{u), (2.9) 

Oie 

where = r + i = ke + i. Using (B> in (EJl) and (E^D, we 

I ^oge\ 

obtain 

[ ee{u)(pdx = —— f \dtu\'^ipdx— f \/(p ■ {(3s'VE{u) ■ Wu) dx 

iR2 I log e I Jm.2 Jj^2 



dt 
and 

d_ 
di 



J{u)x dx 



I V^x-{il3e^E{u)-Vu)dx. 

JR2 



In order to get rid of the terms of the form / X ■ [iSJEiu) ■ Vm), we 



compute 



4 / {bJ{u)x- a(ie{u)^) 



dt 

where /?£ = a + ib. This yields 

[ hJ{u)x - aee{u)ip = {h^ + a^) f W^x ■ (VE" ■ Vu) + ak.^ [ |(9iMp dx 

+ / {Vip-V^x)-{a{a + ib)VE-Vu). 

Since a = ^ ^ and 6 = — — -, we can multiply (12.101) by A;^ + 1. 

+ 1 ^£ + 1 

Using finally fl2.8p . we obtain 

Proposition 1. Let u solve (CGL)^ . Then for all ^,x ^ VCM?), 
4/ J[u)x + kMu)^ = -kl ! \dM'^ + 2 [ lmL{u)^) 

+ Rs{t,^,x,u), 

where the remainder is defined by 

R,it, ip, X, u) = -h [ (Vy^ - V^x) ■ if^e^Eiu) ■ Vu) 

or equivalently 

Re{t, if, X, u) = -h [ (Vyp - V^x) ■ {dtu ■ Vu). 

Proposition [T] allows to derive formally the motion law for the vor- 
tices. Indeed, assume that we have 

/ 

Jue(t) n^diSa^i^t), 
i=l 

I 

fie{Ue){t) ^ 7r^5a^(t) 
1=1 

and Us{t) is close in some sense to u*{ai(t), di), and therefore to u*{ai(t), di), 
where 



1=1 ^ ' ' ^ 



We use Proposition [T] with u formally replaced by u*{ai(t), di) and with 
choices of test functions (p and x which are localized and affine near 
each point ai(t) and satisfy Vip = V^x there, so that both terms 
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/r2 \dtu\'^H^ and Re(t,(p,x,Ue) vanish in the hmit e — > 0. Using the 
formula (see [1]) 




we then obtain that for each i 

T^didiit) ■ Vxidi) + Sirdiit) ■ Vip{ai) = -vr did!^ — ■ Vx(ai). 

^ \ai-ajY 

Taking into account the fact that Vv9(aj) = V"'"x(ai), we infer that 
TT[didi(t) - Sdi^{t)) ■ Vx(ai) = -tt ^ rfirf^y^^— — ■ Vx(ai), 

... \Oii Oij\ 

which yields the ODE 

In Section 4 and 5, in order to give a rigorous meaning to the previous 
computations, we will prove the convergence of the Jacobians and of 
the energy densities to the weighted sum of dirac masses mentioned 
above, and then show that both the energy dissipation \dtu\'^ip 
and the remainder Ri;(t,ip,x,Us) vanish asymptotically when e tends 
to zero. Finally, we will establish a control of uj{u*{ai),di) — uj{u£) or 
equivalently of to'(M*(aj), c/j) — ui^Ue) in Ll^^iM"^ / {ai(t)}) . 

3. Some results on the renormalized energy 

In this section, we study the hnk between the energy Ss^iu^] and the 
usual Ginzburg-Landau energy on large balls. This may be achieved 
for maps having uniform bounded energy on large annuli by defining a 
degree at infinity. 

3.1. Energy at infinity and topological degree at infinity. Let 

A be the annulus B{2)/B{1). We define 

Td = {m G H\A) s.t. 3fi C B{u), \B\ > ^, Vr G 5, deg{u,dB{r)) = d} 
and 

= {ue H\A) s.t. E,{u, A) < A}. 
The topological sector of degree d is then defined as 

The following Theorem was proved in [T]. 

Tiieorem 3. For all A > 0, there exists > such that for every 
< 6 < e\, we have 

= U ^t- 
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In the sequel of this section, we fix A > = vrc?^ log(2) and we set 

Sd{A) = S*^^^, 

so that in particular the map Ud belongs to Sd{A). 

Let u e [Ud] + H^R"^) and for k e N, set Uk : z e A ^ u{2^z). By 
scaling, we find that for every < e < ^a, the map belongs to E^^ 
for k > k{e) sufficiently large and therefore to some topological sector 
^d{k) £■ Thanks to the uniform bound for the energy E^^Uk, A) for large 
k, this degree is necessarily identically equal to d. 

Proposition 2 ([4J, Corollary 3.1). Let d E T, and A > A^^. For any 

u G \Ud\ + H^iM?), there exists an integer n G N* such that for all 
k > n, the map '■ z & A ^ u{2^z) belongs to the topological sector 
Sd- We denote by n{u, A) the smallest integer having this property. 
The map u ^ n{u) = n{u,A) is continuous. 

We first have the following 

Lemma 1. Let A > Ad be given. Let u G \Ud\ + H^{E^) and assume 
that there exists Uq G N* such that for all n > uq, 

Ee^{u,An) < A. 

Then we have n{u,A) < uq. 

The definition of n{u) allows to obtain a lower bound for S^^iu^] on 
annuli. 

Lemma 2 Lemma 3.1). Let d E Z and u G [Ud]+H^{R^). Then, 
for any k > n{u), we have for e < ea 

1^ [esiu) - ^] > -C2-^'^e\ 

Lemma E] below provides an upper bound for the Ginzburg-Landau 
energy on sufficiently large balls in terms of the excess energy Ss^pa] (u) — 
^e,[Ud] i'^t)- This will enable us to rely on results holding for the Ginzburg- 
Landau functional in bounded domains in the proof of Theorem [21 

Lemma 3 ([1], Lemma 3.2). Letd eZ, u e [Ud\+H'^{MP'), ai, . . . ,0^ G 
M? and di,...,di G Z* such that d = Yl^i- Then, for k > 1 + 
maxjlogi |ai|, . . . , logg \ai\,n{u)} and R = 2^ we have 




where C depends only on I and d. 
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3.2. Explicit identities for the reference map M*. We present here 
an account of some classical identities for the energy of u*, which are 
borrowed from [1]. 

In the sequel, we consider a configuration (a^, di) with di G Z* and 
we set d = Y^di- We begin with an explicit expansion near each vortex 

Lemma 4. For j E {I, . . . ,1} and < e < 1, 

/ e,«(a., d,)) = nd] log(-) + 7(M, I) + 0{-f + 0{-f 

where 7(|(ij|) is some universal constant. 

On the other hand, u*{ai,di) behaves as u*{ai,di) away from the 
vortices, so its energy on Qf{,r = B{R) \ UB{aj,r) is close to the en- 
ergy of u*{ai,di) on Q^^r which we can compute exphcitely (see |3]). 
Combining the previous expansions, we obtain 

Proposition 3. Let 

ra = ^mm{\ai - aj\}, Ra = max{\ai\} . 

Then for R > Ra + l,we have as e 

„ I I 

/ es{u*{ai,di)) = TT V'rf^^llogel + W{ai,di) +y~'7(Mi|) 

Jb(R) ~~, ~T 



i=l 



+7rci2logi? + 0(^)+o,(l). 
R 

We observe that as i? — > +oo, we have vrlog^ R ~ Ib{r) ^^i^- This 
yields the following expansion for the renormalized energy 

Corollary 1. When e 0, the following holds 

I 

^£,[Ua]{Ki(^udi)) = TT^ti^l loge| + W{ai,di) 



i=l 



^=l Jb(1) ^ 



Concerning the energy on annuli, we finally quote the following result 
Lemma 5. For R> Ra, we have 

[ eMiai,d^)) = ndHog2 + 0{^) 

Jb{2R)/B{R) ^ 

or, in view of the properties of Ud at infinity, 

es{u*M,d.))= [ ^ + 

B(2R)/B{R) Jb{2R)/B{R) ^ ^ 



L 
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4. COERCIVITY 

In this section, we supplement some results from |3] and [13] with 
estimates which we will later need. These results establish precise 
estimates in various norms for maps u being close to u*{ai, di) in terms 
of the excess energy with respect to the configuration {ai,di). For a 
map u G [Ud] + H^lM."^) and a given configuration (a^, di) with di = ±1, 
we define this excess energy as 

Eg = T,^{ai,di) =£s^iu^]{u) - Se,[Ua]{Ki(^i^di)). 

We also set 

Va = ^mm{\ai - aj\}, Ra = max {\ai\} . 

O tj^j 1=1,. ..,1 

Theorem 4. Let r < Va and 2"" = Rq > Ra such that U-^i-B(aj,r) C 
B{Rq). Then there exist Sq and rjo depending only on I, r, Ta, Ra, Ro 
satisfying the following property. For all u G [f/^] + H^{E?) such that 

I 

r| = \\Ju-^l^di5a^\wl,^^^B{R)Y < Vo (4.1) 

i=l 

and 

2"(") < Rq, (4.2) 

then for e < Eq we have 

1 



e,{\u\) + -'-^-jiu*ia,,di)) <S, + C(r/,£,— ) 

BiRo)\UBiai,r) 



JW 

\u\ Uq 

(4.3) 

where C is a continuous function on vanishing at the origin. Fur- 
thermore, there exist points hi G B{ai,r/2) such that 
I 

\\Ju - n^^di^bM^i.^^BiRo))' < fiRo,^e)e\loge\ (4.4) 

i=l 

and 



II ^ N X II ^ 9{Ro,f,'^a,^e) r-N 

-^2^\IUi-(B(Ro))* ^ m;;^^ ' (4-5) 

where f and g are continuous functions on and M^. 



Proof. Except for the energy concentration (14. 5p . each of the other 
statements are already proved in Theorem 6.1 of P]. We first infer from 
(14. ip that for all i \\Ju — TrdiSa^W^^i.oc^^^^^ < rjQ. If r/o is sufficiently 
small with respect to r this gives in view of Theorem 3 in [13] > 
C{r), where Kq is the local excess energy near the vortex i defined by 

^0 = /B(a.,r) ^e(^) - ^log(i)- folloWS that 

/ ee{u) < [ e,{u) - n{l - 1)| log^l - C(r). 

JB{a„r) Jb{Ro) 
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On the other hand, since n{u) < Hq, we have according to Lemma El 
and Proposition [H] 

/ ee{u)<[ e,(M*(a„di)) + S, + ^ <vr/|log£| + S, + C. 

Jb{Ro) JB(Ro) ^0 

This first imphes that Kq < C + S^. Also, replacing r by 3r/4 we see 
/B(/?o)\uB(a„3r/4) < + ^e)\'^oge\-^ , wherc C Only depends 

on i?o,r, Ta.Ra- 

Now, according to Theorem 2' in [TB], the energy density ^£{u) on 
B{ai,r) concentrates at the point bt e B{ai,r/2) where J(m£) concen- 
trates. From Theorem 3.2.1 in [9] and the estimate for it follows 
that 

II r ^ A II < /(^-'^) 

Combining the above and the upper bound for the energy density 
outside the vortex balls finally yields (14.51) . □ 

5. Convergence to Lipschitz vortex paths 

In this section, we establish compactness for the Jacobians and the 
energy densities under weaker assumptions on the initial excess energy. 
Instead of assuming that this excess energy vanishes initially, we only 
require that it is uniformly bounded with respect to e. 

Theorem 5. Let {a'^,di) with di = ±1 be a configuration of vortices. 
Let R = 2"o and (M°)o<e<i in [Ud] + H'^iR'^) such that 

I 

\im\\Jus - 7T^di6ao\\^i,^^B(^ji)y =0, (wPi) 

i=l 



sup E£{Ue,An) < Ko, > Uq, (WPa) 

0<£<1 



and 



sup (S^^iu^iiue) ~ S£,[Ua]{ul{ai,d,))) < Ki. (wPgO 

0<£<1 ^ ^ 

Then there exist R' = 2"^ and T > depending only on Ki,R,ra and 
Ra, a sequence — >■ and I Lipschitz paths bi : [0, T] starting 
from a° such that 

I 

sup ||Ju^,(t) - TT Vc/A,(t)||wi>-(mij'))* ^ 0' fc^+oo (5.1) 
and 

I 

sup ||/ie^(MeJ(t) - TT V'5fc^(t)||iyi.oo(B(^,)). ^ 0, k-^+OO. (5.2) 
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Moreover, there exist a constant Cq > depending only on r^, R, Ki 
and Kq and a constant Ci > depending on ra,R and Ki such that 
for all t e [0, T] and for A; e N, 

E,^{u,^{t),Ar,)<Co, Wn>m (5.3) 

and 

^e,,m Mt))-^e,,m < Ci. (5.4) 

Proof. The proof is very similar to the proof of Theorem 4 in [1]. In 
the sequel, C will stand for a constant depending only on r^, R, Ra and 
Ki. 

We first consider A > Kq. Thanks to Lemma [T] and (jWFl]), there 
exists £a > such that for all e < e^, we have n{u^) = n('u°,A) < uq. 
We fix such a A and from now on only consider e < e/y. 

We next introduce R' = max(i?, Ra + ra) and define ni > hq as the 
smallest integer for which 2"^ < R'. In the remainder of the proof, 
we will assume without loss of generality that R' = 2"^ and we will 
write II ■ II instead of || ■ \\w^/°°(b{r'))*- ^™ ^-PPly Theorem 

mto each Ueit) for the choice r = and Rq = R'. Let rjo and Eq be 
the constants provided by Theorem H] for this choice. First, thanks to 
(IWP2D and (iWPg/j ) it turns out that the convergence in (|WPiD still holds 
on the larger ball B{R') (see the proof of Lemma 7.3 in [1]). Therefore, 
since t 1— Jui^it) G L^{B{R')) is continuous for each e, there exists a 
time > such that 

I 

\\Jueis) - n^di5ao\\ < rjo, VsG[0,Te). (5.5) 

i=l 

We take to be the maximum time smaller than T* having this prop- 
erty, where T* is defined in Theorem |21 

On the other hand, since t \—>- E^{us{t),An) is continuous uniformly 
with respect to n and A > Kq, we infer from (jwPl]) that there exists 

> such that for s e [0, T^] 

E,{us{s),An) < A, \/n>ni, 

so according to Lemma [U we have n{ue{s)) < ui for s G [0,Tj,']. 

We claim that there exists a constant D depending on f^i, r^, R and 
Kq such that for all s G [0, min(T£, T^,')), 

Ee{Ue{s),An)<D, > m. (5.6) 

Consequently, if we assume from the beginning that 

A > max(i^o, D), 

then it follows from Lemma [1] that n(-Ue(s)) < Ui on [0, min(Te, T^f)]. 
Therefore > and the topological degrees of the maps Us{t) at 
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infinity remain uniformly bounded by ni as long as their Jacobians 
satisfy (15.51) . 

Proof of fl5.6l) . As in [1] , we decompose for each n>niE^ {u^ (t) , A„) — 

Es{ul{a^i,di),An) as 



e \ 

+ 00 



k=n\ 

+ E, «(a°, d,), B{B!)) - E, Ms), B{R')) 
+ £e,[u^] Ms)) - £e,[u^] di)) . 

We first handle each term of the sum in the right-hand side. In view 
of Lemmas [2] and [5l we have for k > rii 



Eeiu,it),Ak) > -Ce'2 



> E,{u:{al d,), Ak) - C{Ra)2-^ - Ce^2-''\ 

so we deduce that 

+ 00 

{E,{ul{ald,),Ak)-E,{u,{t),Ak)) <C. 

k=ni 
kj^n 

Next, we infer from the definition of and Theorem 3 in [13] that 
IsiaO r )^s{ue{s)) > 7r|log£:| — C. Obscrve that R' is chosen so that 
U5(a°,ra) C B{R'), so this leads to 

E,{u,{s), B{R')) > 7Tl\\oge\ - C. 
Using Proposition [3], we thus find 

E, «(a°, d,), B{R')) - E, {ue{s), B{R')) < C. (5.7) 

Finally, we define S°(s) := Ss,[Ua] {ue{s)) - (M*(a°, rfi)). Since 

^e,[Ud] i'^eit)) is non- increasing, we obtain in view of (jwp^) 

and (15.61) follows. 

We may now apply Theorem H] to each Us{t) on [0, T^]. This provides 
points &f (s) G i?(a°, -^) for < s < T^. Since S°(s) < Ki, estimate 
TD) turns into 



ee{\Ue{s)\) + l 



jMs)) 



Jiu*iald,)) 



<C, 



where fi^'.r, = B{R') \ VJB{afl,ra). Also, we have by ([23]) and ([231) 

/ esMs)) < C {5.. 
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and 

Mu,ismmn,,„.j<C, (5.9) 

where C = C{R,ra, Ki). For notation convenience, we may now write 
He instead of fis{us). 

In the sequel, given any configuration {ai,di), we denote by H^ai) 
the set of functions x^V ^ P(]R^) such that 

i=l i=l 

where for all i 

Xi,(Pi ev(^B{ai,^)^, Vipi = V^Xi on B{ai,ra) 

and Xi (hence (pi) is affine on B{ai,ra) with |Vxj(ai)| = |Vv2i(aj)| < 1- 
By definition of such functions x ^^nd ip always exist, and we can 
moreover estimate their L°° norms by 

\\D^\U Pxlloo < -, ||/^Vl|oo, \\DW\oo < ^- 



We next establish a control of the remainder terms appearing in 
Proposition [H 

Lemma 6. Assume that sup Tg = T^: is finite. Then there exists a 

0<E<1 

constant C = C{ra, R, Ki, T^) such that 

C 

ds < 





^ \dtUe? 


JO Jl 


j2 |loge|2 



log el 

and for all XiV ^ '^('^i ) 

(V X - V(^) ■ — ds 

ioge\ 



< ^ 



loge 



'0 ^R2 

Proof. In order to prove the first inequality, we use Theorem [1] and 
obtain 

5 '■^^ 



loge| Jo 



<Ki + Se,m di)) - Se,lUal {Ue{Te)) . 
Since n{ui;{Te)) < ui we have by Lemma 
£e,[u^] {u*{a^,,di)) -Se,iu^] MTe)) 

< [ e,«(a°,d,))- / e,(n,(T,)) ^ 



JB{R') JB{R') R' 

which is bounded in view of (15. 71) . It then suffices to divide all terms 
by I log£|. 
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For the second assertion, we set ^ = V~^x ~ which has compact 
support in A = UAi, where Ai = B{a^, ^) \ B{a'^,ra), and we apply 
Cauchy-Schwarz inequahty. We obtain 







(V^X-V(p) 



< 



log el 

\dtUe 



log^l 



J A 



Since A C ^R'^ra^ we infer from flS.Sp 



v^.nei^ < iieii 



\Vu,\'<CTM\ 



2 

oo' 



'0 J A 

and the conclusion finally follows from the first part of the proof. □ 

We may now establish the following 
Lemma 7. There exists T = T{ra, Ra, R, Ki) > such that 

liminf Te > T. 

Proof. The first step consists in showing that for (x, V') G '^('^i); ^or 
s, t G [0, Te] and i = 1, . . . , Z we have 

\{Xi, JUe(t) - JUe{s)) + 6{(pi,IJ,eit) - IJ,e{s))\ 



< C\t-s\ + 



C 



(5.10) 



loge 



Indeed, we fix i and we invoke Proposition [T] for u = and the choice 
of test functions {xi,fi)- Integrating (12.101) on [s,t] yields 



\{Xi,Ju,{t)-Ju^{s)) + 5{ipi,Hs{t) - n^{s))\ < 2 



Im uj{u. 



+ 



loge\ 



+ (V Xi- V9?i) 



\oge\ 



where has support in Cj C ^R\Tai ^^^d it finally suffices to use (15. 9p 
and Lemma El 

In a second step, we take advantage of the equality 

I 

WJueiT^) - T^^did^oW =r]o. 



i=l 



We set 



^ = 1, 



and we define Xi,e, V^i,e so that for x G -B(a°, r^). 
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and we require additionally that x = S Xi,e and = Yl fi,e belong 
to Ti^aP^)] we can moreover choose (y^j^ and Xi,e so that their norms in 
C'^{B{R)) remain bounded uniformly in e. As b\{T^) G B{a'^,ra/2), we 
have 

\dm{Te) - a°| = d^xmTs) - a°) + S^iTs) - a°), 

so that 

I I I 

i=l i=l i=l 

On the other hand, we have 

I I I 

\\JUe{Te) -7r^diSao\\ < \\JUe{Ts) - TT ^ || + h^di{Sbl(T,) - Sao)\\ 

i=l i=l i=l 

The second term in the right-hand side may be rewritten as 

I I 

(7r^di(5fe.(T^) -5„o),x) + 5(vr^(56|(T,) -5ao),<^) = A + B + C, 
1=1 1=1 

where 

I I 

A = {T^^diSbliT,)- JUs{Te),x) +S{7l^Sbl(T,)- f^s{Ts),<f) 
i=l i=l 

(I I 
\\Ju,{T,) -Y,dAiiT.)\\ + 5Us{T,) - $^%(T.) 
i=l i=l 

B is given by 

B = {JU,{T,) - JuM. X) + Hf^eiTs) - /ie(0), ^) 

and finally 

I I 
C = (JM°-7r^c/i(5„o,x) + 5(/ie(M°)-7r^(5„o,¥?) 

i=l i=l 
/ I I 

< C \\Jul -Y.d,5,.\\ + 5\\^^,{ul) - 5^ 5.0 1 



In view of the bound provided by (15.101) for B, estimates (14 .41) - fl4.5p 
and the fact that S°(s) < -ft'i for < s < Tg, this implies 



^0 



WJueiT,) - TiY,di5a-\\ < C{e\ log^l + I log^r^ + I log^r^) + CT, 



i=l 



and letting e — > yields the conclusion. Lemma [7] is proved. □ 
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Proof of Theorem [5] completed. 

We consider t, s G [0, T]. Arguing as in the proof of Lemma [7] (with Tg 
and replaced by t and s), we find that for all x, ip belonging to 'H{a'^) 

\Y.d,[x{bm)-xms))] + s[ipibm) - mis))] 

i=l 

I I 

<C sup ( ||JMe(r) - + (5||/i£(r) - ) 

+ \ {JUeit) - JUe{s),x) +5{lJ,e{t) - /ie(s) , V?) | , 

which is bounded by 0£(1) + c|t - s| by (!M!)-(|13D and iKW\\ . Consid- 
ering successively x{^) = Ci ■ x and x{^) = €2 ■ x on each -B(a°, r^), we 
obtain 

mt)-bKs)\<c\t-s\+o,{l). (5.11) 

Next, using that G B{a^,ra) and a standard diagonal argument, 
we may construct a sequence (sk) — > and paths bi(t) such that b'^'^it) 
converges to bi{t) for all t G Q fl [0,T]. We infer then from (14.41) - 
(14. 5 p that the convergence statements (I5.ip - (I5.2I) in Theorem |5] hold for 
these times. Moreover, in view of (15. lip these paths are Lipschitz on 
[0,T] n Q, so that they can be extended in a unique way to Lipschitz 
paths (still denoted by hit)) on the whole of [0,T]. We can finally 
establish that the convergence (I5.ip - (l5.2p holds uniformly with respect 
to t G [0,T] by using again fOTD and fOjl -fra. 

Finally, we already know from (15. 6p that estimate (15. 3p holds for 
the full family (ue)e<e^. In order to show (15. 4p . we recall first the 
uniform bound i^^jt/j {us(t)) — Ss^iu^] {ul{a'^,di)) < Ki. On the other 
hand. Corollary [T] gives 

£,,^u,] «(a°, d,)) - {ulihit), d,)) = W{a^, d,) - W{b,{t), d,) < C, 

since the b[s are continuous and remain separated on [0, T]. This yields 
the bound (15. 4p and concludes the proof of Theorem [5l □ 

As mentioned in the beginning of the proof of Theorem [5l the con- 
vergence of the initial data in (iWPij) actually holds on every large ball 
B{L), L = 2" > i?, so that we find the same conclusions when replacing 
R by L. 

Lemma 8 ([^, Lemma 7.3). There exists a subsequence, still denoted 
by Ek, such that for all L > 2"^, 

rjk := snp \\Jue,{t) - vr V c^i^fe^w || w1,-(b(m)* ^0, +00. 

For t G [0, T] and sufficiently large G N, we may therefore apply 
Theorem m to Ue^if) with respect to the configuration {bi(t),di) and 
with the choice Rq = L = 2^ for each n > rii. We are led to introduce 
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the excess energy at time t with respect to the configuration (bi{t), di) 
by 

which is uniformly bounded on [0,T] in view of (15.41) . Letting first k, 
then n tend to +00, we can get rid of the dependance on R in fl4.3p . 

Lemma 9. For all r < ra/2 and K > 2"^, we have for sufficiently 
large k and t, ti, ^2 G [0, T] 



1 



B{K)\UB{b,it),r) 



2 



<S,,(t)+C(£fc,%,-i). 



Therefore, we have as k —>■ +00 

KM 



hmsup r / e,,{\u,M) + I -j{u*{k{t),d,)f 

Jti J B{K)\UB{b,{t),r) 

t2 



rt2 

< hmsup / 

Jti 



Consequently, it appears that the distance between Mej.(t) and u*{bi{t), di 
may be asymptotically entirely controlled by limsup T,e^it). 

We now define the trajectory set 

T = {{t,b,{t)),te[0,T],z = l,...,l} 

and 

g = [0, T]xR^\ T. 

Thanks to the uniform bounds in Lf^^{Q) provided by Lemma [HI we 
establish the following 

Proposition 4. There exists a subsequence, still denoted Ek, such that 

i^^j^u*ihi-),d.)) 
weakly in L^^^i^Q) as k ^ +00. 

Proof Let B be any bounded subset of M?. First, we observe that 
according to Lemma [H] 

I 

curl(j(M,j) = 2Jue, ^ 27r^rfA,(.) = cm\ (^j{u*{bi{-),di))'^ (5.12) 

i=l 

in V'{[0,T] X B). 

On the other hand, we have 

div(j(«.J) = div(jV((6,(-), ^.))) (5.13) 
in V'{[0,T] X B). 
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Indeed, since solves (CGL)^ we obtain by considering the exterior 
product 

SO we are led to 

1 d flu \^ -1\ 
div(jM,J = k.^Ue, X dtu,^ + -efc- (-^^^ ) • (5.14) 

Now, applying Lemma to u^^, we find 

supE,,(M,,(t), B) < nl\ \oge\ + + C < 7il\ \oge\ + C, (5.15) 

[0,T] 

where the second inequality is itself a consequence of (15. 4p . This implies 
first that | — > 1 in L'^{[0, T]xB). Moreover, we infer that the second 
term in the r.h.s of (15.141) converges to zero in the distribution sense on 
[0, T] X B. For the first one, it suffices to use Cauchy-Schwarz inequality 
combined with the bound provided by Lemma [6] and the already 
mentioned uniform bounds of \uef. \ in Lf^^. 

We then infer from Lemma M and (15.151) that j{ue^) is uniformly 
bounded in L\^^(\fi,T] x M^) for all p < 2. This is e.g. a consequence 
of Theorem 3.2.1 in [H] and the remarks that follow. We deduce from 
(I5.12P and (I5.13P that up to a subsequence, we have 

jM ^ Ji = j{u*{b,{-), d,)) + H (5.16) 

weakly in LfQ^([0,T] x M^), where H is harmonic in x on [0, T] x M^. 

On the other hand, it follows from the first part of Lemma [9] that 
there exists j2 such that, taking subsequences if necessary, j{ue^)/\u£j^ \ — 
ja weakly in Lf^^iG). 

Taking into account the strong convergence lu^J — > 1 in Lf^^{[0, T] x 
M^), we obtain ji = j2 G Lf^^{Q). The second part of Lemma [H] com- 
bined with (I5.16P then yields 

where C depends only on Ki, R and Va, so finally ||j;^2(-[o_t]x]r2) < 
CT. Since H is harmonic in x, we find that H{t, ■) is bounded on 
for almost every t and therefore is identically zero. We end up with 
ji = j2 = j{u*{bi{-), di)) in and the conclusion follows. □ 



6. Proof of Theorem [2] 

In this section, we present the proof of Theorem O We let {hiit)} be 
the / Lipschitz paths on [0,T] provided by Theorem [5] and {aj(t)} be 
the unique maximal solution defined on / = [0, T*) to ([3]) with initial 
conditions a°. Our aim is to show that aiit) = hiit) on I. We will first 
prove that this holds on [0,T]. By Rademacher's Theorem, the time 
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derivatives bi{t) exist and are bounded almost everywhere on [0,T]. 
Without loss of generality, we may assume T < T*, so that 

\di{t)\ < C, \bi{t)\ < C, a.e. on [0,T]. (6.1) 

Moreover, we may assume, decreasing possibly T, that |aj(t) —bi(t)\ < 
ra/2 for all i. Hence, the trajectories ai{t) remain in B{a!l, r^) on [0, T]. 
We introduce 

/ I 

Kt) = J2 l^^(^) - Us)\ds, a{t) = J2 - 
i=i i=i 

then h is Lipschitz on [0, T] and for almost every t G [0, T] we have 

^'(^) = Sj=i — bi{f)\- Note that since a is absolutely continuous 
and (t(0) = 0, we have for all t G [0, T] 

a{t) = [ a'{s) ds < h{t) 



therefore it suffices to show that h is identically zero on [0,T]. This 
will be done by mean of Gronwall's Lemma. 

Lemma 10. For allti,t2,t G [0,T], we have 

limsupS^,(t) < Ch{t) 

fc— >+oo 

and 

rt2 /■t2 



/■t2 r^2 

limsup / 'Eski-^) ds < C / h{s)ds, 

fc— >+oo Jtl J tl 



where C only depends on ra,KQ,Ra. 

Proof. For t G [0,T], we decompose ^^^(t) as 

Appealing to Corollary [T] and Theorem [T], we obtain 



* r \f^n. |2 



S..(t) = -5/ / ^-^f^ + EsM + W{ald.)-Wm),d,)+o,,{l). 
Jo Jr2 I logefcl 

Using that W is Lipschitz away from zero, we estimate the last term 
as follows 

W{al d,) - W{h{t), di) = W{al d,) - W{a,{t), d,) + W{a,{t), d,) - W{h{t), d,) 

< 



[ Vd,(s)- Va.H^(s)rfs + Ca(t). 

-^0 i=l 



Since the solve the Cauchy problem ([3]), an explicit computation 
gives 

di{s) ■ Va,W{s) = -Cidi\Va,W\'' = -57r|d,(s)p, 
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SO that 

E,,(t)<S,,(0) + 57r fj2\^,{s)\'ds-6 f [ + + o,,(l). 

Jo ~[ Jo Jm? I iogefcl 

We handle next the energy dissipation in the right-hand side. In view of 
LemmaEl we have /[o_t]xm2 I'^t^SfeP <C\\ogek\, while Es^iue,^, B{R')) < 
7il \ log^fcl + C. Applying Corollary 7 in [19] to (Me^), we obtain 

liminf r / ^^>vry t\b,{t)\'ds. (6.2) 

^-+-70 iM^iiog^fci - trio 

Now, we have thanks to (16. ip 

E r(l«^(^)l'-|^^(^)l') f\d,{s)-k{s)\ds = Ch{t), 

i=i ^ i=i Jo 

whereas ^^^(O) ^ by assumption, hence we get 



lim sup (t) < C {a{t) + h{t)) 

fc— >+oo 



Applying Fatou's Lemma in (16. 2p finally also provides the correspond- 
ing integral version, and lastly, it suffices to use that a < h. □ 

As suggested in the introduction, the map u* {ai{t) , di) solves the 
evolution formula given in Proposition [T] in the asymptotics e —>■ 0. 



Lemma 11. We have for t G [0, T] and XiV ^ Ti.{d. 

diX {ai{t)) + 5lp {ai{t)) = 2 [ Im ( uj (u*(ai(t), di)) 

Proof. We use the following formula proved in [5j , valid for any config- 
uration {tti, di) and any test function x which is affine near the point 
vortices . 

2 [ lrn(u{u*{a,{t),d,))^) = -ny^d^d,^-^^^^^^ 

On the other hand, we compute 
^ I \ ' 

J2 diXidi) + 5<^(a.) = Yl (di^xia-) ■ d,{t) + 5V(^(a°) ■ di{t) 

\i=l J i=l 

I 

= dNx{a1) ■ [diit) - ddidi^it)) , 

i=l 

where the second equality follows from the relation Vv5(a^) = V"'"x('3°). 
Next, we deduce from ([3]) 

7r(d,(t) - M,d,^(t)) = -C,(l + S''dl)Vi^W = d^ViW, 



d 
~dt 
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and we obtain 

I 



TX- 



d 

dt 



i=l 



i=l 



—71 did. 



a,- — a,- 



which yields the conclusion. 



□ 



Lemma 12. Set A = U5(a°,2r„) \ B{aP^,ra) and let ti,t2 G [0,T]. 
Then for all (f G T>{A), we have 



lim sup 

fc— >+oo 



"12 




{UJ (Ue^(s)) - U {u*{bi{s), di))) if 



ti J A 



<cMc 



*2 



h{s) ds. 



Proof. We apply the pointwise equality fl2.4p to m = Ue^^it) and u* = 
u*{biit),di) for all t. Since \u* {bi(t) , di)\ = 1, this gives 



k,l=l 



jk{u) ii{u) 



\u\ \u\ 



- jk{u*)ii{u*) 



where ak^u bk,i G C. We rewrite the terms involving the components of 
j as 



jkiu) ji{u) /jk{u) . 

Jk{u )ji{u ) = — jk{u ) 



\u\ \u\ 



\u\ 



+Jk{u*) 



\u\ 



ji{u*)] ^ ]i{u*) 



3k{u) 



\u\ 



Jliu* 



jk{u* 



We multiply the previous equality by v?, integrate on [ti, ^2] and let k 
go to +00. Using the weak convergence in oi iiug^) to j{u*{bi{.), di)) 
on [0,T] X A (Z Q combined with the fact that ju*{bi{.), di) is bounded 
on this set, we deduce 



lim sup 

fc— >+oo 



"12 




ti J A 



^(ue^is)) -Lj{u*{bi{s),di)) )lp 




\V\U 



Efc I 



+ 



\U 



- ju*{bi,di) 



Efe I 



< cllv^lloo lim sup 

Jti J A 

The conclusion finally follows from Lemmas [9] and [TOl □ 

We are now in position to complete the proof of Theorem [21 We 
consider arbitrary x, if belonging to 7i(a^), wefixO<s<t<T and 
we integrate the evolution formula fl2.10l) on We obtain 

d_ 
dr 



where 



JUe,{r)x + S / fIe,{T)(f= I gl{T)+ / ^^(t), 



-5 



logefcp 
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and 



which we decompose as 

91 = '^ j^^ Im ( [^('«.J - uj{u*{hi, di))] 

+ 2 [ lm([uj{u*{k,di)) 

JR2 V 



ujiu a,- 



+ 2 Im i iu{u*{ai, di)) 



^fc(r) + 5,(r) + Cfe(r) 



We next substitute the formula given by Lemma [TT] for in the pre- 
vious equahties. Setting 



we obtain 



/ Jue,iT)x+5 /i£,(r)y?-7r V (c?ix(ai(T))+(5^(ai(r)) 

JM2 7ll2 V 



Lemma E] with = T first gives | /*5'i(t) dT\ < C \ loge^l 2 for all k. 



Moreover, it follows from Lemma [T2] and the fact that supp -r^ C A 



that 



lim sup 

fc— >+oo 



I Ak{T) dr <C I h{T) dr. 

J s J s 



Finally, we infer from the regularity of uj{u*) away from the vortices 
that 

Bk{r)\dT<C a{T)dT<C h{T) dr. 

J s J s 

Letting k go to +00, we finally deduce from the convergence statements 
in Theorem [5] that for < s < t < T, 



(6.3) 



\fxAt)-fxAs)\<C h{T)dT. 



where f^^^, is defined by 



i=l 



Here the constant C depends only on x, f and the initial conditions. 

We now fix a time t G [0, T] at which all the vortices bi have a time 
derivative. Since the C^, it follows that f^^^, is different iable at 
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t with time derivative given by 

i=l 

Dividing by t — s in (16.31) and letting s ^ t gives then 

\7cJ2{diVx{a^) + SV^x{a^)) ■ {Ht) - di{t)) \ < C h{t) . 

i=l 

So, considering in particular X; ^ "^(ct?) such that x and ip vanish 
near each point a° except for one, we obtain for alH = 1, . . . , / 

7r(rf,Vx(a°) + (5V^x(«-)) ■ - d.(t)) | < C ^t). 

Choosing then successively x{^) = ^.nd x{^) = ^2 near a° we end 
up with \bi(t) — di(t)\ < Ch{t), and it follows by summation 

h'{t) < Chit) a.e. t e [0,r]. 

Since h{{)) = 0, this implies that h = on [0,T], and hence a = 
on [0,T]. Applying Lemma [TOl we infer that lim supj^.^^.^^ Se^. (t) < 0. 
Besides, Lemma |3] yields for all L > 2"^ 

liminf > liminf ( [ e,^ (u.^it)) - Ce, {u* {ai{t),di)) ) - y 



c 



where the second inequality is a consequence of the convergence of Ja- 
cobians on B{L) stated in Lemma [S] (see [131 Letting L tend to 

+CXD, we obtain liminffc^+00 ^^^(t) > 0, so we deduce from (I5.3p that 
{ue^{t))kim is well-prepared with respect to the configuration (ai(t), di). 
By uniqueness of the limit, this finally holds for the full family (M£(t))o<e<i 
on [0,T]. 

In conclusion, we observe that in our definition T only depends on 
i^i, Ta and max(i?, Ra + ra), so that we can extend our results to the 
whole of [0,T*) by repeating the previous arguments. 

Appendix 

We present here the proof of Theorem [H We omit the dependence 
on e and rewrite ([2]) in the following way 



dtW = (a + ih) [Aw + fuo{w)) 
w(0) = Wo e H 



where 

fu,{w) =AUo + {Uo + w){l-\Uo + w\'), 
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a is positive and 6 G M. We denote by 5* = S(t, x) the semi-group 
operator associated to the corresponding homogeneous hnear equation. 
Every solution to (ICGLp satisfies the Duhamel formula 

w{t, ■) = S{t, ■)*wo+ / {S{t - s, ■) * guo{w{s), ■)) ds, 

Jo 

where guo = (a + ib)fug. The kernel S is explicitly given by 



S{t,x) = - — — — exp( 



4n{a + ib)t ^4:{a + ib)t'' 

Since a is positive, 5* decays at infinity like the standard heat Kernel. 
This will enable us to show that fICGLp enjoys the same smoothing 
properties as the parabolic Ginzburg-Landau equation. In particular, 
we have for all 1 < r < +oo and for alH > 

||5(t,-)||L.w<-^ (a) 

t r 

and concerning the space derivatives of S(t), 

\\D'S{t,-)\\LriU^)<-^^. (b) 

We will often use Young's inequality that gives for / G L^(]R^) and 
g G L'?(M2) < ||/||Lp(R2 )||^||Lg (R2), where 1 + i = i + i. We 

first state local well-posedness for (1CGLI) . 

Proposition A.l. Letwo G i?^(M^). Then there exists a positive time 
T* depending on ||wo||_f/i and a unique solution w G {[0 , T*) , [M.'^)) 

to (ESLl). 

Proof. We intend to apply the fixed point theorem to the map ip : w & 
i7^(]R^) I— > i/jiw), where 

ilj{w){t) = S{t) *wo+ [ S{t - s) * guo{w{s))ds. 

Jo 

To this aim, we introduce R = ||wo||_h'1(r2) and for T > 

B{T,R) = {we L'^{[0,T],H\M.'^)) s.t. ||w|Uoc(hi) < 3R}. 

We next show that we can choose T = T{R) so that ip maps B{T{R), R) 
into itself and is a contraction on this ball. 

For T > 0, we let w G B(T,R) and expand fuo{w). Using that 
i?^(]R^) is continuously embedded in L^(M^) for all 2 < p < +oo and 
the fact that Uq belongs to V, it can be shown that @ 

||/c/olU°=([0,T],L2) <C{Uo,R), (c) 
and for Wi,W2 G B(T, R) 

WfUoM - /c/o(w^2)|U°c([0,T],L2) < C{Uo,R)\\wi - U72||L-([0,T],/fi)- (d) 



^see Lemma 1 in [7]. 
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We next apply Young's inequality to obtain 

II^HWIki < II^HWIIl^ + ||v^H(t)IU2 

<2\\SmL4wo\\m+ [ \\S{t - s) + VS{t - s)\\L49uois)\\L^ds 

Jo 

< 2\\wo\\m + C (^l + {t-s)-^^ \\guoiwis))\\L2ds, 

where the last inequality is a consequence of ^ and (jb]) with the choice 
r = 1. This yields according to Q and ([d]) 

sup U{w){t)\\Hi<2\\wo\\m+C{Uo,R)iT+VT) 
te[o,T] 

and similarly, 

sup \\^{wi){t)-^{w2){t)\\m < C'{Uo,R){T+Vt) sup \\wi{t)-W2{t)\\m. 

iG[0,T] te[0,T] 

The conclusion follows by choosing T = T{R) sufficiently small so that 
2\\wo\\m + C{Uo, R){T + VT)<3R and C'{Uo, R){T + VT) < 1. □ 

We next show additional regularity for a solution to (ICGLp . 

Lemma A.l. Let w G C'^{[0,T], H^R"^)) be a solution to ^UUf . 
Then w belongs to Ll^{[0,T], H'^{R^)) n C%{0,T], H'^iR'^)) and there- 
fore to Li„,([0,T],L-(M2)). 

Proof. We first differentiate fuoi'^) ^-^^d use Lemma 2 in |7j which 
states by mean of various Sobolev embeddings, Holder and Gagliardo- 
Nirenberg inequalities that 

^^fuoH = 9iH + g2{w) G L°°([0, T], L\R')) + L°°([0, T],L^{R')) 

for all 1 < r < 2. Moreover, we have 

sup \\gi{w){s)\\L2(R2) + \\g2{w){s)\\Lr(R2) < C{Uo,A{T),r), 

s&[0,T] 

where A (T) = sup^gjo,T] ll'^('S)||_ffi(R2). Next, differentiating twice Duhamel 
formula gives 

dijw{t) = djS{t) * diWo + / djS{t - s) * difuois) ds, 

Jo 

so taking into account the decomposition difuo = 9i + 92 "we get 

\\diMt)\\L2 < ||V^(t)|Ui||Vwo||L2+ f\\VS{t-s)\\Li\\gi{s)\\L2ds 

Jo 

+ [ \\VS{t-s)\\L492{s)\\Lrds, 
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where a is chosen so that 1 + | = - + -. This finally yields in view of 

(ED 

||5.,^(t)||L2<-?lkolki+C(f/o,A(T),r) / + ds. 

t2 Jo ^ ' 

Since ^ + 1 — ^ = ^<1, we conclude that the right-hand side is finite, 
so that (9ijw(tfG L2(M2). □ 

Lemma lA.ll enables to show that the renormalized energy is non- 
increasing and to establish a control of the growth of ||t(;(t)||ji^i(]R2). For 
equation (1CGLI) . this energy is given by 



2 Jig2 J^2 4 

It is well-defined and continuous in time for w G C°(iJ^(R^)). 

Lemma A.2. Let w E C'^{[0,T), H\R'^)) be a solution to fjCGD . 
r/ien for all t G (0, T) ti;e /laue 

|i5i/oH(t)<o. 

Moreover, there exists C depending only on ||wo||_ffi o-nd Uq such that 
Mt)\\m < \\wo\\mexp{Ct), Vt G [0,T). (e) 

Proof. We infer from equation ( ICGLI) and Lemma fA. II that dtw belongs 
to L^^{{0,T],L'^(R'^)), so that we may compute 

^Eu,{w{t)) = [ Vw Wdtw - AUo ■ dtw - dtw ■ {Uq + w){l - \Uo + wf) 
dt Jj^2 

dtW- {Aw + fuoiw)) 

a + ib + ¥ J^2 

We now turn to (jej). We compute for t G (0, T) 

^4:lkWlli2(R2) = / w-dtw=[ w ■ [{a + ib)Aw]+ [ w ■ [{a + ib) fuoiw)] 



= -a |Vwp+ / w-{a + ib)AUo 

+ [ w[{a + ib){Uo + w){l~\Uo + w\^)]. 
We then split the last term in the previous equality as 

w[ia + ib){Uo + w){l- \Uo + wf)] = [ w[{a + ib)Uoil - \Uo + w^)] 



+ a I \w\^il - \Uo + w\'^). 
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The second term in the r.h.s. is clearly bounded by a||w(t)||L2 
Using Cauchy-Schwarz inequality for the first one, we obtain 

w[{a + tb){Uo + w){l- \Uo + w\^)] < C{Uo)\\w{t)\\L2V{ty2 + a\\w{t)\\l,, 
where V{t) = ^2(1 - \Uo + w{t)\^f. We are led to 

|ikwiii2(M2) < ciuomwmi. + 1 + v{t)). (f) 

On the other hand, Cauchy-Schwarz inequality gives 

Euo{wm> [ r^rfx-c([/o)imt)iu. + ^. 



2 

which yields, since Eu^^ is non-increasing, 

^+ f ^^<Eu,{wo)+C{Uo)\\w{t)h.. (g) 



2 

We infer from (jfj) and (jgj) 

\\w{t)\\L2 < {l + \\wo\\Hi)exp{Ct) 

and finally deduce Q by using (jgj) once more. □ 

Lemma IA.2I provides global well-posedness for ( 1CGLI) . 

Proposition A. 2. Let wq G i/^(]R^). Then there exists a unique and 
global solution w G C%R+,H\R'^)) to fICGLl) . 

Proof. Let w G {[0 , T*) , [M."^)) be the unique maximal solution 
with initial condition wq. If T* is finite, we have according to (lej) 

limsup ||w(t)||j^i(i;2) < C{Uo,T*,wo) < +00, 

SO that we can extend w to a solution w on [0,T* + 6]. This yields a 
contradiction. □ 

We conclude this section with the following 

Proposition A.3. Letw G C°{R+, H\M.'^)) be the solution to flHULjl . 
Then we have w G ^"^(M^)). 

Proof. We proceed in several steps. 

Step 1 Let p > 2 and t; G //^(M^). Then D^fu^iv) G L"^ {M.^) + Lr^ {M?) 
for all \k\ < p. 

Proof of Step 1 . We may assume in view of the proof of Lemma lA.ll 
that \k\ > 2. We decompose fuo{v) as /c/o(f ) = AUq + hu^{y), where 

huM = iUo + v){l-\U^ + v\''). 
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Since Uq e V, it suffices to show that D^hu^iv) e L^(M?) + L^iR'^). 
Applying Leibniz's formula to hug{v), we obtain 

D'huM = E C')d'-"'{Uo + v)D^{l - \Uo + v\') 

\ TDj J 

m<k ^ 

= D\Uo + v) 

- E Q) C2)D'-"'iUo + v)D^{Uo + v) ■ Z}™-"(?7o + v). 



m<k 
n<m 



Since 2 < \k\ < p, v e Hp{R'^) and Uq G V, we clearly have D''{Uo+v) G 

For the second term in the right-hand side, we write each product 
inside the sum as 

D%Uo + v)D\Uo + v) ■ D%Uo + v) 

with \a\ + \b\ + \c\ = \k\ > 2, and we examine all cases. We observe that 
D°-(v + Uq) belongs to if^(R2) whenever 1 < |a| < p — 1 and hence to 
L'^iR'^), whereas ^{v + Uq) belongs to L'^(R'^) for 2 < |a| < p. Since 
on the other hand Uq + v & L°°, we finally obtain 

D^'iUo + v)D\Uo + v) ■ D%Uo + v) e L\R^) + lliR"), 

which yields the conclusion. 

We now turn to the regularity in space for a solution to (ICGLp . 

Step 2 Let w e C°(R+, H^(R?)) be the solution to (fCGD . Then for 
all p > 1 we have w G C°(M;, //^(M^)). 

Proof of Step 2. We proceed by induction on p. The case p = 2 
has already been treated in Lemma lA.li Let us thus assume that 
w e C°(R;, ifP(R2)) for some p > 2. For |A;| < p + 1, we differentiate 
w{t) and we find 

D''w{t) = D''{S{t) * Wo) + [ S{t - s) * guois) ds 

Jo 

which we rewrite as 

l-t/2 

D^w{t) = D^S{t) *wo+ iD''S{t -s))* guo (s) ds 

Jo 

+ [ D"'S{t-s)*D^-^gu,{s)ds, 

Jt/2 

where m is a mult i- index so that \m\ = 1. 

First, it follows from ^ that t ^ D''S{t) * wq e C%RX, L'^{R'^)). 
Next, arguing that guf, G C°(M+, ^^(IR^)) and using (jb]) with r = 1, we 
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find 



i/2 



{D''S{t-s))*gu,{s) ds 



L2 



< c 



i/2 



ds 



< 



C 



(t-s)- 



t 2 



On the other hand, since \k — m\ = \k\ — l < p and since by assump- 
tion w{s) G i/^(M^), Step 1 provides the decomposition 



dUs) + d^(s) 



where d^ belongs to C0(R;, L2(M2)) and d^ to ^^(M;, lI(R2)). It 
follows from (Ibl) that 



r D'^S{t-s)*D''-^gu,{s)ds < f \\V S{t - s)\\LA\d\s 

Jt/2 Jt/2 



|L2 



ds 



i/2 



\\VSit-s)Ur\\d\s)\\j ds 



<C{t) 



Jt/2 ^ 



it 



S) 2 



where r satisfies 1 + ^ = ^ + f • The last term is finite since | + 1 — = 
I < 1, so we infer that w E C°(R;, Hp+'^{R^)), as we wanted. 

Step 3 Let u; G C^iR^, H\R^)) be the solution to flU^ . Then we 
have w G C"=(M;, C"(M2)) for all k,leN. 

Proof of Step 3. For fixed fc, Z G N, we show by induction on < j < /c 
that u; G C-''(M;,C"+2fe-2i(^2))_ 

This holds for j = according to Step 2 and to Sobolev embeddings. 
We assume next that w G &{R\, 0^+'^^''^^ {R^)) for some < j < fc-l, 
and it follows that 

Aw, fuoiw) G C^'(M;,C'+2fc-2.'"2(R2)). 
So, going finally back to equation fICGLp . we obtain 

This concludes the proof of Proposition IA.3I 

□ 
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